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Abstract

The steady state response of a semi-infinite micropolar elastic medium with voids at the free surface is
determined. The analytic expressions of the displacement components, force stress, couple stress and
volume fraction field are obtained by the use of Fourier transform technique and the numerical results are
illustrated graphically for magnesium crystal-like material. Special cases have been deduced.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The theory of linear elastic materials with voids is one of the most important generalizations of
the classical theory of elasticity. This theory has practical utility in investigating various types of
geological, biological and synthetic porous materials for which the elastic theory is inadequate.
This theory is concerned with elastic materials consisting of a distribution of small pores (voids),
in which the void volume is included among the kinematic variables and in the limiting case of
vanishing this volume, the theory reduces to the classical theory of elasticity.

A non-linear theory of elastic materials with voids was developed by Nunziato and Cowin [1].
Later Cowin and Nunziato [2] developed a theory of linear elastic materials with voids, for the
mathematical study of the mechanical behavior of porous solids. They considered several
applications of the linear theory by investigating the response of the materials to homogeneous
deformations, pure bending of a beam and small amplitudes acoustic waves. Iesan [3] derived the
basic equations of micropolar elastic materials with voids. Different authors [4-9] have discussed
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different type of problems in the theory of elastic materials with voids. Marin [10-13] discussed
different type of problems in micropolar theory of elastic solid with voids. Scarpetta [14] studied
the fundamental solutions in micropolar elasticity with voids.

The dynamical response to moving loads is an interesting subject in various technological and
geophysical circumstances and some recent investigations are concerned with this problem. For
instance, it is of great interest in solid dynamics where ground motions and stresses can be
produced by blast waves (surface pressure waves due to explosions), or by supersonic aircraft.
This type of investigation occur in many branches of engineering, for e.g., in bridges and railways,
beams subjected to pressure waves and piping systems subjected to two-phase flow. Other
applications are encountered within the context of contact mechanics like, the problem of high-
velocity rocket sleds sliding over steel guide rails. Most of the moving load problems solved so far
involve potential functions. However, the eigenvalue approach has the advantage that the
solutions of equations are found in the coupled form directly in the matrix notations, whereas the
potential functions approach requires decoupling of equations. Various authors [15-22] have
discussed the problems of moving load in the theory of elastic solids. Kumar and Gogna [23] and
Kumar and Deswal [24] studied the steady state response to moving loads in micropolar theory of
elasticity.

The purpose of the present paper is to determine the normal displacement, normal force stress,
tangential couple stress and volume fraction field in a micropolar elastic solid with voids due to
moving point load by applying integral transform technique. Numerical calculations are used to
invert the Fourier transform. Application of the paper may be found in mechanics viz. in
designing highways and airport runaways.

2. Formulation and solution of the problem

We consider a normal point load of magnitude F moving over the free surface of micropolar
half-space with voids. The rectangular Cartesian co-ordinate are introduced having origin on the
surface z = 0 and z-axis pointing vertically into the medium. Let us consider a pressure pulse
F(x + Ut) which is moving with a constant speed in the negative x direction for an infinite long
time so that a steady state prevails in the neighborhood of the loading as seen by an observer
moving with the load.

Following Iesan [3], the field equations and stress—strain relations in micropolar elastic solid
with voids without body forces and body couples can be written as

2
A+ wWV(V-u)+ (u+ K)Vu+ KV x ¢) + *Vy = p%, (D)
2
(d+ﬁ+?)V(V'¢)—vV><(V><¢)+K(V><U)—2K¢:pj27, 2)
# 72 Lk %0 * _ *azlp
oV —¢ lp—wa—ﬁ Vou=p 2’ 3)

ty = Aty + iy + ) + K@i — e5r,) + oy, (4)
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mjj = ‘xd)r,ré!'/ + ﬁd)i,j + V(bj,i: (5)

where o, 8,7, 4, 4, K are the material constants, j is the microinertia, p is the density of solid, u is
the displacement vector, ¢ is the microinertia, y is the volume fraction field, #; is the force stress,
mj; is the couple stress and o™, B*,c*, w* and (* are the material constant due to the presence of
voids.

For two-dimensional problem, we assume

u= (ula 0: u3)9 (I) = (Oa ¢2a 0) (6)
Following Fung [25], a Galilean transformation
x*=x+ Ut, z* =z =t (7)

is introduced. The boundary conditions would be independent of r* and assuming the
dimensionless variables defined by

X :C—lx , z —c—lz , o c%](bz’ ulzc—ul,
Uy = c_1u3’ t;j = ;j mmija Y= c_%ﬂp’ (8)
where
A+ 2u+ K K
C%: tAp nd w’=—.
p P]
In Egs. (1)-(3) we get (after suppressing the primes)
0 (Ou; Ouz ) K op, B oy ,0%u
A —(—+—= K)Vu — — —= —=pU"—, 9
( +M)6x<8x + 8z> KV w? Oz + w? Ox Po e ®)
0 (0u; Ous ) Kc3 o6, ﬁ*c% oy 5 0%us
2 ———+—=— K - — = — = — 10
( +“)az<ax+az>+(“+ W= 5%x T o oz Frok (19)
Y s ou;  Ouz 2Kc% ) ¢,
= Kl—— — ) - — ¢, =pU" —= 11
% * 2 * *rr2 A2
Ly Sy VA g om ) pe U0V (12)
Jj 3] wj 0x ox 0Oz j o ox2
Applying Fourier transform defined by
fen= [ foeax (13)
— o0
in Eqgs. (9)—(12) we obtain (where primes denotes differentiation with respect to z)
17!’{ = 6111525{1 + i5a1317/3 + Cl14(5,2 + ifalzl;, (14)

ﬁg’ = fzazlﬁg + iéazgﬂﬁ + iéa22(52 + 6124‘;, (15)
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840
Y= (Eax — an)py — azil) + ilaz i, (16)
V' = (Eag — ap) + aginy — ayity, (17)
where
(A4 2u+K)— pU? B*er (u+K)—pU?
ai = > ap = —— /v D =5
u+K wj(n+ K) A+2u+ K
4o — Kc? . At ; _2KC% p _y—pUzj
2= 00+ 20+ K 13 = LK 3= Pk 2= Ty
B Kc% don — A4 pu don — p
4T W0+ Ky PTIru+ K T W+ 2u+ Ky
K _o* = pU* _BY _Eww*Uc —c*cf
as = — A =—— asr = — —- as3 = ) > (18)
P o o a*w
The set of equations (14)—(17) may be written as
d
3. W62 =AW, 2), (19)
where
ity
|24 o I i3
W = B A = s V = 7 B (20)
v’ A1 Ay b2
J
Eay 0 0 156112
0 Eay i an
4= S 1
0  ilas CTaxn —as
igasy 0 0 Eag — ag
0 ilaiz ai
iars 0 0 axy
Ay = 22
2 0 0 0 (22)

—das]
0 —d4 0 0

and O and [ are zero and identity matrices of the order 4.
To solve Eq. (19), we assume
W(& z) = X(&)e” (23)
which leads to an eigenvalue problem. The characteristic equation corresponding to matrix A4 is

given by
|4 — gl = 0. (24)
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This gives
¢* + 214 + Jag* + Iaq” + da =0,

where

A= 52(6113023 —ag — az — A — ax) — audsy + ajsaz; + agz + ass,

Jo = 54’71 + 52'12 + 13,

Az = Eny + Es + Eng,

Ay = Eny + Eng + g,

m = an(as + ax1 + azp) + (a3 + ap)(ay — ajzaxs) + azasy,

Ny, = (ai3ax — an — an)(asz + as3) — aygazi(ax — ax) — asax(an — aiz)

— azi(a1aas + axaiz) — as(anas + axazn) + az1axy + asan — azas — azzas,

N3y = (a3 + aziaia)(ass + as1ass),

Ng = axn(axaizas — a)ds — ajds — d11dan),

Ns = aziasn(ai3an + aisax — a14a23) + arzazn(anas) — aizass) + asana;(ay — az)

+ (an + ax)(anags + azzagn) — ananazzayp — ax(aasn + ands — a11a33)
— azjan(a + axn) — anasas,
Ne = (anaz — axzazs)(anas — apzagy) — ajsazi(ag3a) + agass — ag1asy)
— azzagaxp(an — a13) — azrags(azs — an) + ax(ayag + apag) + azanass,
N7 = di11d21d4243z, Ny = @11a31a22042 + Ag1a12a21a32 — a11a21(A42033 + A43032),

Ny = (a11as3 — asran)(anass — azan),

841

(25)

(26)

The eigenvalues of matrix A are characteristic roots of Eq. (25). The vectors X (&) corresponds to

the eigenvalues ¢, can be determined by solving the homogeneous equation
[4 —ql]1X(&) = 0.

The set of eigenvectors X (&), s = 1,2, ...,8 are obtained as

. Xsl (5)
x@-(xﬁ),

where
¢ Eqy
ibyqs ibsq%
X,1() = L Xe@=| B g=aqn s=1,2,3,4,
agqs ayq;

id; id,q,

(27)

(28)

(29)
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& —&y
—ibsq; ibq; .
X&) = . Xp©) = s |, J=Es+3, g=—g (30)
—Ca;q; Cajq;
id; —id;q;

and

apndns
az4

P > 4
as =ap {qsam — g a4 <a11 + +ayp +ayn+ 61316114> + Clapn(anax + apnass)

2
+ ¢ (613161126122 — aszzd|d4 — 0336112023)} /V,

by = anay[E(anas + anax — anan) + ¢ (auas + ain — au)l/V,

d — a41(‘]fbs - 52)
A ]
£2a42 — a3 — (13

V = — ¢ anaz + an) + ¢l(anasz + an)(Eazn — az3) — asaiaans + Eana]
+ Eapay(ass — Eaxn) — Eazanan. (31)

The solution of Eq. (23) is given by
4
W(E2) =) [BX() exp(g?) + BiraXira(E) exp(—gs2)]. (32)

s=1

3. Boundary conditions

For a concentrated line load, we take F(x + Ut) = Fd(x™), where d(x*) is Dirac delta function
and F is the magnitude of force applied, therefore in moving co-ordinates the boundary
conditions at the free surface z = 0 are

o

133 = —Fo(x*), 13 =mpn= e 0. (33)

Applying Fourier transform defined by Eq. (13) in the boundary conditions (33) and using
Egs. (4)—(8) and (32), we obtain the expressions for displacement components, force stress, couple
stress and volume fraction field for micropolar elastic solid with voids as

Fi _ _ _ s
iy = Zl[alqlﬁllefq“ — ayqadse™ P + azqz Ase ™ — asqadle” ], (34)
by F ! a—q1Z ! A=z I A—q3z ! A—q4z
I3 = — Z[VlAle — rdye” P r3die BT — radyem 1, (35)
~ _ FV& 2 4l A—q1Z 2 4l A—qaz 2 A4l A—q3Z 2 Al A—qaz

A
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~ Fi - z P
V= = ldi e — ot dy e — dy Ao, (37

where
A = q3qan1f1 — Q294722 + 43733 — q19aT4fs + Q193755 — 19276/,
T123 = I'la3 4 — r234li, T456 = 13440223 — 12230344,
S123 = b322q322d443 — baasqaazdsny,  fase = biqidazp — ba3nqasodi,
A\ = bgsqafi — Bgaqafs + agaqafs, Ay = 1g3qafi — Bqqafa + taqigafs,
Ay = 1pqafs — bqiqafa + uqiqafs, Ay = 1@afs — bqigafs + Ba1gafs,

* 2
=i (R Ty

Kc3
tn:_éqn ﬂbn+(M+K)_ w_zjal’l ’ n:1,25354' (38)

4. Particular case

Neglecting the material constants due to the presence of voids (i.e., o* = f* = (* =¢* =
w™* = 0), we obtain the expressions for normal displacement, force stress and couple stress for a
micropolar elastic solid as

Fi _ _
i = — A—lf [B) Age ™" — by Ayge ™ + byAye 7], (39)
- Fi ~ - -
fy3=— A—lf [s140e 777 — shA50e7P7 + i AL e 7P, (40)
~ _ FV / A/ —pi1z / A/ —p2z / A/ —p3z 41
msp _‘M—AO [alpl 10€ — ayP2454€ + azp3A3,€ 1, (41)
where
Ay = 5\ A1y — 545 + 5345, Ay = rydyps — r3aypa,
A'zo = Vﬁagps - Vlsallpla A'30 = V/lalzpz - ”lza/lpl,
. A+2u+K Kc?
S = i& {p@ - <f> ’@p@], ry = uEblg + (1 + K)pp — w—z}a’@,
4 P = pyE anay — ay — an) — Eayay
) Y ,
2 2
by = Sy p%(azz ki a14a23)’ Vo = E(azan + asan) —phau, O =123 (42)
0

The eigenvalues +po (@ = 1,2,3) for a micropolar elastic solid are given by the equation
pe At A+ =0, (43)
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where
X =E(aizan — an — ax1 — axn) + auds — ass,
Xy =Eanan + aplan + ax — aizan)] + El—azi(anars + anays + aua)
+ azs(an + ax — aizan)] — anas;
and

My = —Eanlan(Eaz + az3) — anas). (44)

Inversion of the transform: To obtain the solution of the problem in the physical domain, we
must invert the transform in Egs. (34)—(37) and (39)—(41). These expressions are functions of z and
the parameter of Fourier transform ¢&, hence are of the form f{(&, z). To get the function f(x, z) in
the physical domain, we invert the Fourier transform using

fen =g [ Aeaeta @s)

- [ Cosens, — sl de, (46)
TJ-w

where £, and f, are, respectively, even and odd parts of the function A(¢,z). The method for
evaluating this integral is described by Press et al. [26] which involves the use of Rhomberg’s
integration with adaptive step size. This also uses the results from successive refinements of the
extended trapezoidal rule followed by extrapolation of the results to the limit when the step size
tends to zero.

5. Numerical results and discussions

We take magnesium crystal-like material [27] as micropolar elastic solid with voids,

p =174 gm/em’, 1 =94x10" dyn/ecm?, u=4.0x 10" dyn/cm?,
K =1.0x 10" dyn/ecm? 3 =0.779 x 10~ dyn, j=0.2x10"" cm?,
o* =3.668 x 107+ dyn, p* =1.13849 x 10" dyn/em?, ¢* = 1.475 x 10" dyn/cm?,

o* =0.0787 x 1072 dyn s/em?, {* =1.753 x 1071% cm?”.

The variations of normal displacement Us = (u3/F), normal force stress 733 = (f33/F), tangential
couple stress M3, = (m3,/F) for micropolar elastic solid with voids (MWYV) and micropolar
elastic solid (MES) have been studied and the variations of these components with distance x have
been shown by (a) solid line ( ) for MWYV and (b) dashed line (- - - -) for MES. These
variations are shown in Figs. 1-4. The computations are carried out for U <c¢; and z = 1.0 in the
range 0<x<10.0.
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Fig. 1. Variation of normal displacement Us = (u3/F) with distance x.
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Fig. 2. Variation of normal force stress 733 = (¢33/F) with distance x.



846 R. Kumar, P. Ailawalia | Journal of Sound and Vibration 280 (2005) 837-848

0.010

0.005

o
(o]
S
o

-0.005

-0.010

Tangential couple stress M3,

-0.015

-0.020
00 20 4.0 6.0 8.0 10.0
Distance x

Fig. 3. Variation of tangential couple stress M3, = (m3,/F) with distance x.
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Fig. 4. Variation of volume fraction field V* = (v/F) with distance x.
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6. Discussions for various cases

The values of normal displacement for MWV decreases sharply with increase in distance x. The
values of normal displacement for MES are very small as compared to the values for MWV and
hence the values for MES have been magnified by multiplying the original values by 100. These
variations of normal displacement are shown in Fig. 1. The variations of normal force stress are
similar in nature for MWV and MES with difference in their magnitudes. The values of normal
force stress for both the solids initially decreases and then oscillates with increase in distance x.
However, the decrease is more sharp for MES. These variations are shown in Fig. 2.

Initially, the values of tangential couple stress in both the cases decreases sharply and then
oscillates with increase in distance. The oscillations which converges to zero forms more crests and
troughs for MES. The values of tangential couple stress for MES have been magnified by
multiplying the original values by 10. The variations of tangential couple stress are shown in
Fig. 3.

The volume fraction field has a sharp fall in values for 0<x<5.0 and then the values starts
oscillating and converges to zero. The variation of volume fraction field for MWYV is shown in
Fig. 4.

7. Conclusion

The presence of voids plays a significant role on all the quantities. The values of normal
displacement and tangential couple stress increases while normal force stress decreases due to the
presence of voids. The values of all the quantities converges to zero with increase in distance x.
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